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Abstract 

Spatial clustering methods are essential for point pattern analysis since they can discover 

strong relationships in point sets. Based on computational morphology, this paper proposes a 

theoretic framework, where spatial clustering methods are complementary to shape hulls and 

skeletons in describing geometric properties of point sets. Inspired by the well-accepted work of 

alpha-hull/shapes and beta-skeletons, a gamma-partition method is developed to divide a point 

set into clusters based on a Maximal Covering Criterion (MCC) with a fixed-radius disk, 

gamma. As a succession to concepts and methods of alpha-hull/shapes and beta-skeletons, 

gamma-partition links the three geometric descriptors for point sets, shape hull, skeleton, and 

clustering, at the method level. An algorithm of gamma-partition is elaborated, and some 

potential applications of gamma-partition are investigated in such fields as global spatial point 

pattern testing, location-based planning, and other clustering method construction, among others. 

 

Keywords: spatial point patterns, spatial clustering, computational morphology, spatial analysis， 

GIScience 
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1. Introduction 

A point cloud, a set of vertices or points in a dimensioned coordinate system, is a common way 

to map and represent the location of sampled phenomenon. With advances in remote sensing and 

GPS technology, point sets are also effective for monitoring, mapping and detecting patterns in 

migration, growth, and decline of populations under study. Identifying, recognizing, and 

characterizing sets, subsets, their shape, spread and density are all effective tools for characterizing 

morphology. With the digital revolution producing unprecedented volumes of data, we must 

develop metrics to synthesize and decompose points into defined clusters or subsets to help 

recognize patterns and better hypothesize underlying process. 

Although a single point has no spatial dimension, the geography of a set of points embedded in 

some coordinate space can be described in terms of that space. It is common in spatial analysis to 

consider points in space as a set where extent, coverage and pattern can be detected, measured and 

reported in terms of the characteristics of the space itself. 

It is often necessary for many methods of spatial point pattern analysis to test whether the 

observed pattern is clustered, random, or regular by statistically comparing some measures of the 

observed to those of a benchmark, for instance, a point pattern generated from a stochastic process 

in which points occur continuously and independently of one another creating a completely spatial 

random point set. These measures are mainly separated into two categories (Radke 1988), “those 

dealing with absolute measurements of the dispersion of points about the area occupied by a point 

set, and those examining the association of points relative to other points in the set”. The former 

category includes measures of density, distance and direction that can be made operational as: 

density of points per quadrat, nearest neighbor distance, and standard deviational ellipse, for 

example. The latter category includes relative measures associated with point neighbors such as: 

counts of first and/or higher order neighbors, or the proximity of neighbors within a defined search 

geometry. All the measures listed above aim to provide a simple, summary, and quantitative 

descriptor for the spatial structures of point sets. 

Computational morphology exploits ideas and techniques to characterize and describe spatial 

structure in point patterns that provide perceptually meaningful information of point sets. The 

decomposition of a point set can result in two types of shapes: external and internal shapes (Radke 

1988). The external shape is defined as the shape hull, which is the external polygonal (area) 

characterization of shapes of point sets. Common shape hulls for point sets include the minimum 

bounding box or circle, and the convex hull. Internal shape is characterized as a skeleton that 

describes the internal link structure of a set of points based on point-to-point neighborhood 

properties. Common skeletons of point sets are the nearest neighbor graph, the minimum spanning 

tree, the Gabriel graph and the triangulated irregular network (TIN). 
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Both the shape hull and skeleton of point sets have been extensively applied in computer 

science, geography, ecology, urban planning, image processing and other GIScience fields. The 

minimum bounding box of geographic objects is the basis of R-trees (Guttman 1984) and 

R*-trees (Beckmann et al. 1990), which are popular methods of indexing geographic data in GIS 

because of their flexibility and excellent performance. The construction of the convex hull of 

point sets is often regarded as a first or bounding step in some algorithms that create other more 

complex graphs or data models, such as the Delaunay Triangulation or TIN (Longley et al. 2005). 

In addition, the convex hull is widely applied in the processing of LiDAR point clouds (Sampath 

and Shan 2007). The minimum spanning tree is directly applied to the design of computer, 

communication and transportation networks, and indirectly as a metric of surface homogeneity 

and automatic speech recognition (Graham and Hell 1985). 

Shape hulls and skeletons are two geometric descriptors for summarizing both global and 

local spatial properties of point sets. These descriptors, external versus internal, or global versus 

local, can be generally applied in describing phenomenon on the surface of the earth. For 

example, the development boundary of a town or city, at another scale the outline of 

neighborhoods, and at yet another scale the outer shell of individual houses. In each of these 

examples subsets or components likely exist and identifying them would enhance pattern 

description. This spatial clustering and identifying subsets can lead to more sensitive descriptions 

of form and better hypothesizing of underlying processes (Turner 1989; McGarigal and Marks 

1995). 

In a point set, components are defined as groups of points or spatial clusters that have small 

within-group variance and large between-group variance. Han et al.(2001) provide a thorough 

review on existing spatial clustering methods in data mining, such as K-means, DBSCAN 

(Density-based Spatial Clustering of Applications with Noise), and CURE (Clustering Using 

REpresentatives), which also can be used for point sets. Many clustering metrics and tools are 

used in landscape ecology, forest management, location-based services, public health, urban 

planning and other GIScience fields. For example, FRAGSTAT has a large collection of such 

metrics (McGarigal and Marks 1995), and there are more methods and tools in spatial modeling 

and geostatistics (Toussaint 1988; Gold 1992; Boots 1994; Anselin 1995; Gatrell et al. 1996; 

Gold 1996; Boots and South 1997; Okabe et al. 2000; Radke and Mu 2001; McGarigal 2002; Wu 

and Hobbs 2002; Mu and Wang 2008). 

Most existing clustering methods use distance as single metric. In terms of the type of space, 

the distance could be either Euclidean distance or non-Euclidean distance, such as Manhattan 

distance and traffic network distance. In terms of the type of information, the distance could be 

the physical spatial distance between spatial objects, or the similarity measure for the attributes 

of spatial objects. However, single distance-based metric may be not enough to solve some kinds 

of problems. For example, when we plan to select the sites for wireless stations, we need to 

identify the clusters of the residents which are not only required to be within the service area of 
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the wireless stations, the counts of residents in the clusters are also needed to be maximal in 

order to optimize the network planning. In this case, therefore, the clustering of residents is the 

result considering both distance and count. In addition, the complex phenomena in the world 

may not be explained by single distance-based metric. Multiple considerations for clustering may 

aid in understanding the complex processes underlying the patterns or forms. Therefore, it is 

meaningful to develop the clustering methods using combined metrics. 

We consider shape hulls, skeletons, and clustering as a set of three logically related strategies 

for detecting the geometric properties of a point set. After briefly reviewing common features of 

α-hull/shapes and β-skeletons we introduce the γ-partition concept and algorithm followed by an 

investigation of potential applications. 

 

2. α-Hull/Shape and β-Skeleton 

2.1 α-Hull/Shape  

The α-hull/shape (Edelsbrunner et al. 1983) is a generalization of the Voronoi diagram and 

thus the convex hull of a finite set of points in the plane. Given a set S of points in the plane and a 

real α, the α-hull is the intersection of all „closed disks‟ of radius 1/α that contain all points in S. 

Different definitions are given for the „closed disk‟ based on α value. When α > 0, it refers to the 

disk of radius 1/α; when α = 0, it refers to the half plane; when α < 0, it refers to the complement of 

a disk with radius -1/α. The points lying on boundary of the same disk are called α-neighbors. The 

α-shape is the graph connecting all α-neighbors in the point set. 

From negative infinity to positive infinity, all α values construct a spectrum of α-hull/shape 

for a point set. Fig.1 shows examples of α-hull and α-shape for a given point set. In this example, 

when α = 2.5, the α-shape of the point set is a simple triangle; when α = 0, the α-shape is the 

convex hull of the point set; and when α = -9.5, the α-shape reveals more detail, often concavity in 

the overall shape and subsets of the point set. 

 

 Fig.1 Examples of α-hull and α-shape for a given point set 
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2.2 β-skeleton 

Inspired by α-hull/shapes, β-skeletons (Kirkpatrick and Radke 1985; Radke 1988) describe 

the inner skeletons of point sets. Given a point set S and a positive real β, if the „region of 

influence‟ of two points x and y contains no point of S other than themselves, x and y are regarded 

as β-neighbors. The „region of influence‟ is defined based on the parameter β and the distance 

between the two points d(x, y). When 0 < β <= 1, it refers to the intersection of two circles of 

radius d(x, y)/(2β) passing through both x and y; when β > 1, it refers to the union of the two circles 

of radius βd(x, y)/2 that pass through x and y. The network graph linking all β-neighbors in a point 

set is defined as β-skeleton. Especially, when β = 1, the β-skeleton is the Gabriel network
1
. 

From zero to positive infinity, all β values construct a spectrum of β-skeleton for a point set. 

From the examples of β-skeleton for a given point set shown in Fig.2, we can see that the 

number of β-neighbors decreases with increase of β value. 

 

Fig.2 Examples of region of influence for points x and y (distance = 12) and β-skeleton for a given point set 

 

2.3 Common Features 

α-hull/shapes and β-skeletons of point sets share the common features that influence the 

development of the γ–partition.  

1) Both are computational geometric methods for decomposing point sets; 

2) Both involve a single parameter (α or β) defined here as circle or disk-based; 

3) Both can create a spectrum of descriptions of point patterns for a given point set; 

4) Both parameters (α and β) reflect the scales at which the geometric characteristics of 

point sets are described. 

 

                                                 

1 The Gabriel network for a point set is created by adding edges between pairs of points in the source set if there are no other points 

from the set contained within a circle whose diameter passes through the two points (Gabriel and Sokal 1969). 
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3. γ-Partition 

3.1 Concept 

The γ–partition method is developed based on the above common features of α-hull/shapes 

and β-skeletons. Some analogy is helpful to shape the idea
2
. α -hull/shapes use the disks to 

identify regions void of points where γ–partition uses disks to identify regions with points in 

common. The following concepts are given for a point set. 

Definition 1: Given a set S of n points in the plane, the point subset with the maximum count 

of unclustered points enclosed by a circle of radius γ is a cluster. We define this selection criterion 

as the Maximal Count Criterion (MCC). 

Definition 2: The MCC is applied iteratively to the point set S excluding all points in 

existing clusters until all points in S are assigned to clusters. The partition process is called 

γ-partition. 

The parameter γ is a positive real that controls the scale at which the inner components of point 

sets will be analyzed. The larger the γ is, the coarser the scale is. For example, given a point set S 

{Pi , i=1 to 6}, Fig.3(a) and Fig.3(b) show the possible situations of moving the circles of two 

different radii, i.e. γ values, to different locations on the plane where the points are located. In 

Fig.3(a), the distance between points P1 and P2 is less than 2γ, and the distances between either 

point and any other point Pi (i = 3 to 6) is larger than 2γ. Therefore, P1 and P2 will be grouped 

together and separated from other points in the final γ-partition result. When the scale becomes 

coarser and γ increases from 1.5 to 2.5 (Fig.3(b)), the inter-point distances among points {P1, P2, 

P3, P5} are all less than 2γ, which makes the four points possible to be grouped together at this 

scale. 

 

Fig.3 Possible situations to moving circles on the plane of point sets: (a) circle radius γ = 1.5; (b) circle radius γ 

= 2.5 

 

                                                 

2 Imaging the points in a point set are chocolate chips distributing across the ice cream, a scoop of radius 1/α (α > 0) or -1/α (α < 0) 

is used to dig out the ice cream as much as possible but not to move or remove any chocolate chips. When no more ice cream can be 

scooped, the shape of the remaining ice cream containing all of the chocolate chips is the α-hull. In γ–partition method, instead of 

digging out the ice cream, a scoop of radius γ (γ > 0) is used to scoop out the chocolate chips as many as possible every time until all 

the chocolate chips are dug out. The „chocolate chips‟ dug out by each scoop are regarded as a subset (of the point set). Finally, all 

the chocolate chips are grouped into several mutually exclusive and totally exhaustive subsets. 
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In γ-partition, the MCC adopts a density-based priority. For example, in Fig.3(a), point P5 can 

be covered by either circle C2 or C3. Since circle C2 can cover more points than C3, or the point 

density in circle C2 is higher than that in circle C3, point P5 is grouped with points P3 and P4 

instead of P6 in the final partition result. 

In some cases, a unique γ-partition result cannot be reached only with the MCC, such as a 

regular lattice of points in a point set. Therefore, other constraints may be needed according to the 

requirements of specific applications. Here, two examples of constrains are given: distance 

constraint and corrected perimeter/area ratio (CPA) constraint. 

The distance constraint is defined such that, with the same count of points, the point subset 

with the shorter average inter-point distance has a higher priority of becoming a cluster. Fig.4 

shows two different point subsets that result using the MCC where the counts of points in both 

subsets are four. However, the average inter-point distance of the point subset {P1, P2, P3, P4} is 

smaller than that of the point subset {P4, P5, P6, P7}. Applying the distance constraint, point P4 

will be grouped as Fig.4(a) instead of Fig.4(b).  

 

Fig.4 Distance constraint for two different point subsets by using the MCC: (a) point subset {P1, P2, P3, P4}; (b) 

point subset {P4, P5, P6, P7} 

 

The CPA, calculated with Eq.1, is a standardized index to characterize perimeter/area ratio. 

CPA ranges from 1.0 to infinity, and the value of 1.0 represents perfect circles.  











A

P
CPA

2

1
               (1) 

Where: P: Perimeter of the convex hull of the point subset 

 A: Area of the convex hull of the point subset 

The CPA constraint, with the same counts of points, defines the point subset with the more 

compact convex hull shape as having a higher priority to become a cluster. Fig.5 shows two 

different point subsets that result using the MCC with the point counts in both subsets being four. 

However, the CPA of the convex hull of the point subset {P1, P2, P3, P4} is 1.128, whereas that of 

the point subset {P4, P5, P6, P7} is 1.197. Under the CPA constraint, point P4 will be grouped as 

Fig.5(a) instead of Fig.5(b). 
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Fig.5 The CPA constraint for two different point subsets by using the MCC: (a) point subset {P1, P2, P3, P4}; (b) 

point subset {P4, P5, P6, P7} 

 

Fig.6 illustrates the results using the γ–partition method with a distance constraint to partition 

a point set involving 18 points. In order to show the partition results clearly, both the convex hull 

and covering circle of each cluster are drawn. The results are coherent with our common 

understanding that the general trend of the count of groups decreases with the increase of γ values. 

When γ is small, 0.05, each point is a cluster, and when γ is large, 2.2, all points will be grouped 

into one cluster. The cluster count does not continuously decrease with the increase of γ values, as 

shown in the cases of γ = 1.2 and γ = 1.4. 

 

Fig.6 The γ-partition results for a 18-point set with different γ values (the circles may not reflect the real γ value 

due to the arrangement of graphs) 

 

3.2 Algorithm 

The core of the algorithm implementing the γ-partition solves how to find the point subset 

with the MCC in a point set. Fig.7 shows an example where there are three points {P1, P2, P3}. We 

have the following definition and observation. 

 

Fig.7 Common intersecting area {m1, m2, m3} among buffer circles(r) C1, C2 and C3 

 

Definition 3: For a point set S {Pi , i=1 to n}，the circle centered at the point Pi with radius r 

is defined as the buffer circle(r)of point Pi. 

Observation 1: These three points can be covered by circle C with radius r. And the buffer 

circles(r) of these points {C1, C2, C3} have a common intersecting area {m1, m2, m3} (i.e. shadowed 

area in Fig.7) 

Based on above observation, we present the following lemma. 
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Lemma 1:  The sufficient and necessary condition for a number of points (the count of points 

is larger than 1) can be covered by a circle with radius r is that all the buffer circles(r) of these 

points have a common intersecting space (either point or area). 

Proof:  Given a point set S including more than one point, if there is a common intersecting 

part in the buffer circles(r) of all points, with a random location P in this common intersecting part 

as the center, a circle C with radius r can be drawn. Since P is within all buffer circles(r), the 

distance from P to any point in S is smaller than or equal to r. That means all the points in S are all 

within the circle C. Thus a common intersecting space is the sufficient condition. If the points in S 

can be covered by a circle C with radius r, the distance from any point to the center of circle C is 

smaller than or equal to r. Then, the center of circle C is necessarily within the buffer circles(r) of 

all points. In other words, there exists the common intersecting space among the buffer circles(r), 

at least including the center of circle C. Therefore, a common intersecting space is also a necessary 

condition. 

From the example in Fig.7, the following definition and observation are derived. 

Definition 4: If the intersecting arcs of a buffer circle(r) C with other buffer circles(r) have 

one or more common spaces (point or arc), these common spaces are defined as Common 

Intersecting Arcs (CIA) of buffer circle(r) C including the case where the common space is just a 

point. The count of intersecting arcs forming the CIA is defined as an intersecting number. Among 

all the CIAs on the same buffer circle(r), the one with the maximum intersecting number is defined 

as Maximal Common Intersecting Arc (MCIA). 

Observation 2: The arcs comprising the boundaries of common intersecting space {m1, m2, 

m3} are all the CIAs and all their intersecting numbers are two. For example, the boundary 

arc[m1,m2] is the CIA of the intersecting arcs of buffer circle(r) C3 with C1 and C2 (arc[n1, m2] and 

arc[m1, n2]). Since there are a total of three buffer circles(r) {C1, C2, C3}, each boundary of this 

area is also the MCIA of each buffer circle(r).  

It is worthy of noting that even if there is a common intersecting space existing among n 

buffer circles(r), the count of the boundaries does not necessarily equal to n. Fig.8 shows a scenario 

where there are only two boundaries of the common intersecting area existing among three buffer 

circles(r) {C1, C2, C3}.  

 

Fig.8 Two-boundary common intersecting area among three buffer circles(r) 

 

Based on the above observations, the following lemma is presented. 
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Lemma 2: The sufficient and necessary condition for a common intersecting space existing 

among n buffer circles(r) (n is larger than 1) is that at least one of these buffer circles(r) has a CIA 

whose intersecting number is n-1. 

Proof: As one buffer circle(r) can only have one intersecting arc with another buffer circle(r), 

from the definition 4, we know that the CIA whose intersecting number is n-1 is necessarily on one 

buffer circle(r) and within other n-1 buffer circles(r). It is an obvious and sufficient condition. If 

these n buffer circles(r) have one common intersecting space, one boundary of the area or the 

point if the common intersecting space is a point must be on one of the buffer circles(r). Since this 

point or boundary also lies on or within all other buffer circles(r), it must be the CIA of this circle 

with all other n-1 circles (its intersecting number is n-1). The necessary condition is proved. 

Based on lemmas 1 and 2, we can identify the points with the MCC in a planer set S of n points 

by identifying the maximum count (m) of points so that at least one of their buffer circles(r) has a 

CIA with other m-1 buffer circles(r). The steps of algorithm for the γ–partition are listed as below. 

Step 1: Construct buffer circle(r) intersection matrix. 

An n by n matrix is used to record the locational relationship between each pair of the buffer 

circles(r) of all points in the point set. Assuming only one point is located in each position, if 

buffer circles(r) of point i and j are intersected, information about the intersecting arc on buffer 

circle(r) of point i, denoted as Arci->j, and that on buffer circle(r) of point j, denoted as Arcj->i, are 

recorded as matrix elements mij and mji, respectively. It is defined that the buffer circle(r) does not 

intersect with itself. 

The direction of intersecting arc is described counter clockwise (Fig.9). The data structure of 

Arci->j is: 

Arci->j    {    i (x,y)    Center point coordinates of the circle where Arci->j is 

                  p (x,y)    Starting point coordinates of Arci->j 

                            q (x,y)    Ending point coordinates of Arci->j 

                            θ         Starting angle of Arci->j, range: [0 - 2π) 

             φ         Ending angle of Arci->j,  range: [0 - 2π)       

} 

The parameters of Arci->j can then be calculated for all buffer circles(r) using the circle equation 

and planar Cartesian coordinate system translation.  

 

Fig.9 The sketch map of Arci->j 
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Step 2: Find the MCIA on each buffer circle  

For each row of the buffer circle(r) intersection matrix, the MCIA on each buffer circle(r) can 

be found. Fig.10 shows an example of an efficient algorithm for implementing this task. The left 

graph in Fig.10 shows that there is a buffer circle(r) C1 which simultaneously intersects with other 

four buffer circles(r) {C2, C3, C4, C5}. {Arc1->j, j = 2 to 5} represents the intersecting arcs on buffer 

circle(r) C1 with each of other four buffer circles(r). In the right graph in Fig.10, buffer circle(r) C1 

is transformed from a circular metric to a linear metric ranging from 0 to 2π. All intersecting arcs 

on this circle are mapped as line segments from their starting angles to ending angles. The variable 

ArcOverlap is used to record the intersecting numbers of CIAs on the buffer circle(r) C1. 

Assuming there is a vertical cursor moving horizontally from 0 to 2π, ArcOverlap will increase by 

1 when the cursor intersects with a starting point of an arc, and decrease by 1 when the cursor 

moves away from an ending point of an arc. Finally, the maximum ArcOverlap indicates the 

intersecting number of the MCIA on this buffer circle(r). In the example shown on Fig.10, the 

maximum ArcOverlap for buffer circle(r) C1 is 3, and the MCIA on this buffer circle(r), the 

segment between the two parallel dash lines, is caused by the overlap of 3 intersecting arcs 

{Arc1->2,  Arc1->3 , Arc1->4}. In turn, it is demonstrated that the center points of the four buffer 

circles(r) {C1, C2, C3, C4} can be covered by a circle with radius r.  

 

Fig.10 Seek the maximum common intersecting arc or point on buffer circle C1 

 

  The starting angles and ending angles of all intersecting arcs on a buffer circle(r) need to be 

ranked in ascending order before obtaining the maximum ArcOverlap. In a special situation, if an 

arc crosses the zero degree line, i.e., its starting angle is larger than its ending angle, this arc needs 

to be divided into two consecutive arcs: arc[original starting angle, 2π] and arc[0, original ending 

angle]. 

Step 3: Identify the point subset(s) with the maximum count in whole point set 

By comparing the MCIA(s) of each buffer circle, the MCIA(s) with the largest intersecting 

numbers in the entire point set can be determined, and the point subset(s) with the maximum 

count in the entire point set can be identified.  

Step 4: (If applicable) Apply other constraints. 

According to the requirements of specific applications, some constraints, such as distance 
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and CPA, may be applied to prioritize the point subsets with same count of points as discussed in 

earlier sections. 

Step 5: Remove existing point clusters from the point set, and repeat step 1–4 until all points 

in the point set are clustered. 

The γ–partition is implemented in ArcGIS
TM

 to facilitate its application (Fig.11). 

 

Fig.11 User interface of γ–partition in ArcGIS
TM

 

 

4. Potential Applications 

The γ–partition is likely useful in a variety of fields. In practice, the γ–partition method might 

likely need to be tailored to optimally serve unique applications.  

1) A statistic measure for testing global spatial point pattern analysis 

Similar to metrics such as the nearest neighbor distance and the point density per quadrat 

methods used to examine global spatial point patterns (clustered, random, or regular), some 

measures can be derived from the γ– partition results. The count of clusters in the γ–partition 

result can be used as a statistical measure and compared to those that would result from a Poisson 

distribution. When γ is the same, the more clustered the point set, and the fewer clusters there are 

likely to be in the γ-partition result. Fig.12 shows the results comparing the counts of clusters in 

γ–partition results of two given point sets to those of 99 completely spatial random point sets with 

the significance level of 0.01. Fig.12(a) shows a clustered point set of 100 points simulated by a 

Poisson cluster process (Diggle 2003), while Fig.12(b) shows a regular point set of 100 points 

simulated by a Matern inhibition process (Diggle 2003) with inhibition distance of 0.04. All of 

the point sets are simulated using Spatstat 
TM

 package (Baddeley and Turner 2005) for software 

R
TM 

(R Development Core Team 2009). 

 

Fig.12 The γ–partition results for global spatial point pattern analysis: (a) simulated clustered point pattern; (b) 

simulated regular point pattern; (c) count of clusters against γ value. 
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From Fig.12(c), it is observed that the curve of the clustered point set is obviously below the 

envelope of complete spatial randomness, while the curve of the regular point set almost 

completely falls within the envelope, except in the range of γ from 0 to 0.04, where the curve is a 

little bit beyond the envelope of the complete spatial randomness. As a result, the count of the 

clusters in the γ-partition results can reflect the characteristics of the global spatial point pattern. 

2) A heuristic method for maximal point covering 

The γ–partition also has potential in location-based planning, where there is often a need to 

locate a limited number of facilities so that the service areas of these facilities can serve as many 

points (residential disease locations) as possible. It is quite similar to the Maximal Covering 

Location Problem (Church and ReVelle 1974). The difference being in the Maximal Covering 

Location Problem there is a set of pre-defined sites for the facilities to choose, while in the 

γ–partition there is not. Since the maximum count of points covered by one facility service area is 

identified in each iteration during the procedure of the γ–partition, the γ–partition can be 

considered a greedy algorithm which always uses the best immediate, or local, solution while 

finding an answer (Black 2005). Therefore, the γ–partition may provide globally optimal or 

sub-optimal solutions. Fig.13 shows the locations of first five facilities and the points covered.  

 

Fig.13 Locations of first five facilities and the count of points each can cover 

 

3) A building block for constructing hierarchical clustering method 

If the γ–partition is directly used to partition a point set, the results may not be ideal. Since the 

MCC is only applied to a point set excluding existing clusters, some clusters with overlapping 

convex hulls are actually more reasonable to be grouped. In addition, a circle-based method is 

not good for detecting clusters with irregular shapes. To tackle this problem, a hierarchical 

γ-partition method should be constructed to improve the clustering effect.  

In a hierarchical γ-partition, a point set is first divided into initial groups using the γ–partition 

method. These groups are then merged if their centroids can be grouped using the γ– partition 

method. The process of clustering can run repeatedly until no more groups can be merged. Fig.14 

illustrates the result of using a hierarchical γ-partition of a given point set with three γ values.  

The hierarchical clustering method brings more flexibility in the basic γ– partition and can broaden 

the utilization of the method.  
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Fig.14 Examples of hierarchical γ-partition method for a given point set 

 

5. Conclusions 

Spatial clustering methods are essential tools for point pattern analysis because they can maps 

and help one discover strong relationships between points. In this paper, a theoretic framework 

based on computational morphology is proposed, where spatial clustering methods play a role - a 

complementary process to shape hulls and skeletons in describing point patterns. The 

development of the γ–partition extends geometric descriptors of point pattern concepts and 

methods such as α-hull/shapes and β-skeletons as they share the concept of a parameterized disk 

or circle based kernel in their generation. The γ–partition has practical value for a broad number 

of applications including: global spatial point pattern testing, location-based planning, and spatial 

clustering. Heuristic modifications to the method described here increase its flexibly and 

usefulness. 
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 α = 2.5 α = 0 α = -9.5 

α-hull 

   

α-shape 

   

Fig.1 Examples of α-hull and α-shape for a given point set 
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 β = 0.3 β = 1 β = 1.2 
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Fig.2 Examples of region of influence for points x and y (distance = 12) and β-skeleton for a given point set 
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(a) γ = 1.5 (b) γ = 2.5 

Fig.3 Possible situations to moving circles on the plane of point sets: (a) circle radius γ = 1.5; (b) circle radius γ 

= 2.5 
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(a) Point subset {P1, P2, P3, P4} (b) Point subset {P4, P5, P6, P7} 

Fig.4 Distance constraint for two different point subsets by using the MCC: (a) point subset {P1, P2, P3, P4}; (b) 

point subset {P4, P5, P6, P7} 
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(a) Point subset {P1, P2, P3, P4} (b) Point subset {P4, P5, P6, P7} 

Fig.5 The CPA constraint for two different point subsets by using the MCC: (a) point subset {P1, P2, P3, P4}; (b) 

point subset {P4, P5, P6, P7} 
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γ  = 0.05,  group = 18 γ  = 0.2,  group = 13 γ  = 0.4,  group = 7 

  

 

γ  = 0.8,  group = 4 γ  = 1,  group = 4 γ  = 1.2,  group = 2 

   

γ  = 1.4,  group = 3 γ  = 1.8,  group = 2 γ  = 2.2,  group = 1 

Fig.6 The γ-partition results for a 18-point set with different γ values (the circles may not reflect the real γ value 

due to the arrangement of graphs) 
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Fig.7 Common intersecting area {m1, m2, m3} among buffer circles(r) C1, C2 and C3 
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Fig.8 Two-boundary common intersecting area among three buffer circles(r) 
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Fig.9 The sketch map of Arci->j 
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Fig.10 Seek the maximum common intersecting arc or point on buffer circle C1 
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Fig.11 User interface of γ–partition in ArcGIS
TM
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(a) Simulated clustered point pattern 

 

(b) Simulated regular point pattern (c) Count of clusters against γ value 

Fig.12 The γ–partition results for global spatial point pattern analysis: (a) simulated clustered point pattern; (b) 

simulated regular point pattern; (c) count of clusters against γ value. 
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Fig.13 Locations of first five facilities and the count of points each can cover 
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γ = 0.5 γ = 0.75 γ = 1 

Fig.14 Examples of hierarchical γ-partition method for a given point set 
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